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INTRODUCTION 
Gordon and Robson [3] have asked the question: “In a ring with Krull 
dimension is the prime radical nilpotent ?” In response to this question, 
Goldie and Small [2] have produced a proof for the case in which the ring 
is commutative with finite Krull dimension. Gordon and Robson have 
themselves answered the question when the ring has left and right Krull 
dimension no larger than W, the first infinite ordinal. The main object of 
this paper is to establish the truth of the conjecture in the case in which 
the ring is assumed to have finite one-sided Krull dimension. The notion 
of Krull dimension extends to arbitrary ordinal numbers [5], but our methods 
are not powerful enough to deal with this case. 
First we give the definition of Krull dimension. Let M be a right R-module. 
The IGull dimension of M, denoted by 1 M I, is defined as follows: 
If M=O, 11111 =--I; if o1 is an ordinal and lMl +a, then 
/ M I = 01 provided that there is no infinite descending chain 
M = M, 2 Ml 3_ Mz ... of submodules Afi such that, for i = I, 2,..., 
It is possible that there is no ordinal OL such that I MI = 01. In this case 
we say that M has no Krull dimension. 
The right Krull dimension of the ring R, denoted by I R 1, is defined 
as I RR I. 
To put this definition in context, we see that “I M I == 0” is the same as 
“M has the descending chain condition on submodules” or “hf is Artinian,” 
and I Z 1 = 1, where Z is the ring of integers. Thus the result we generalize 
is the classical result of Hopkins that nil ideals of a ring with the descending 
chain condition on right ideals are nilpotent. This is the case 1 R 1 = 0. 
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We refer the reader to [3] for basic facts about Krull dimension and also 
for proofs of some of the results quoted in the next section. 
1. PRELIMINARY RESULTS 
Here we list some of the basic results. 
LEMMA 1.1. (i) If M is a module and N a submodule then 
I M I = sup{1 M/N I, I N I> 
if either side exists. 
(ii) Every homomorphic image of a ring R with Krull dimension has Krull 
dimension less than or equal to 1 R I. 1 
PROPOSITION 1.2. A module with Krull dimension has no injnite direct 
sums of submodules. 1 
A non-zero module M is said to be ol-critical if I M 1 = a: and 1 M’ / T$ CY 
for each proper factor module M’ of M. 
A right ideal I of R is said to be a-critical if I is or-critical as a right 
R-module. A critical module (right ideal) is a module (right ideal) which 
is m-critical for some ordinal CL 
PROPOSITION 1.3. (i) Any non-zero module with Krull dimension contains 
a critical submodule. 
(ii) Any non-zero module with Krull dimension contains an essential finite 
direct sum of critical submodules. 
(iii) Non-zero submodules of an or-critical module are or-critical. a 
Using the notion of critical modules Gordon and Robson prove 
THEOREM 1.4. A semiprime ring with right Krull dimension is a right order 
in a semisimple Artinian ring. 1 
As a consequence of this result it is easy to prove 
COROLLARY 1.5. If N is a nil ideal of a ring R with right Krull dimension 
and P is a prime ideal of R, then N C P. 1 
2. CRITICAL SOCLES AND RADICALS 
We suppose throughout this section that M is a right R-module with 
Krull dimension. We use J# to denote the category of right R-modules. 
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The aim is to define, for each integer m 3 - 1, an m-critical radical of M, 
and to show that this radical has Krull dimension at most m. 
DEFINITION. The i-critical so& of M is defined as 
s;(M) = 11 ex 1 x is ’ J- critical with j < i, 8 E hom,(X, M)/. 
Obviously S-:(M) = 0 and &l(M) is just the usual socle of a module. 
Also, we have 
S&(M) c SC(M) c &l(M) c ..* c: S,‘(M) c ... _c M. 
Next we associate a radical with each of these socles. 
DEFINITION. For any ordinal 01, ST+‘(M) is given by 
S;+yM) 
s,“(M)= St (& 1 - 
If X is a limit ordinal, SiA(M) = lJocA S,“(M). Finally, the i-critical radical 
S,(M) is given by S,(M) = u0 &O(M), over all ordinals. 
LEMMA 2.1. (i) S,‘(M/S,(M)) = 0. 
(ii) If f e hom,(M, N), thm f (S,(M)) C S,(N). 
(iii) S,(M) C S,+,(M). 
Proof. The proofs are routine calculations. 1 
The proof of the main theorem of this section is an inductive proof and 
we deal with the case i = 0 in the next lemma. 
LEMMA 2.2. 1 S,,(M)1 < 0. 
Proof. Since, by Proposition 1.2, M contains no infinite direct sums of 
submodules, it is easy to see that &l(M) is a finite direct sum of simple 
submodules or is trivial, and, in particular, that S,,l(M) is Artinian. 
Let S,(M)> M,Z M2> ..* be any descending chain of submodules. 
By Lemma 2.1, (ii), we may assume that n:, Mi = 0. 
Consider the descending chain of submodules 
Ml n &l(M) 1 M, n &l(M) 2 ..-. 
Eventually, since &l(M) is Artinian, Mi n S,,l(M) = Mi, n t&l(M) = -... 
Thus Mi n &l(M) C nj”=, Mj = 0. Th’ is means that Mi contains no simple 
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submodules. However, since M has Krull dimension, Mi does contain 
critical submodules if Mi # 0. Let I be a critical submodule of Mi with 
1 I 1 = n > 1 as small as possible. Now I n &l(M) = 0. But I C u0 SsO(M) 
and so, for some ordinal p, In &a(M) # 0. Suppose /3 is the least such 
ordinal. Then j3 is not a limit ordinal, so put j3 = (Y + 1. Therefore we 
have the chain 
0 = Z n Sod(M) g I n S;+‘(M) C I. 
But 
1 n %+VW 
rn S,,a(M) 
= o 
’ 
contradicting Proposition 1.3(iii). Hence Mi = 0 and 1 So(M)/ < 0. 1 
Next we prove 
THEOREM 2.3. 1 S,(M)1 < i. 
Proof. The case i = 0 is dealt with in the previous lemma. Hence we 
may take i > 0 and assume that 1 S,JM)I < i - 1 for all modules M 
with Krull dimension. 
First we consider S,‘(M). Let 1 be an essential direct sum of critical 
submodules of &l(M). Then / J 1 < i. Let I be any other 0X (see definition 
of &l(M)). Then In J f 0. Hence 
I’+1 = I&i <i. 
Thus &l(M)/] is a sum of submodules of Krull dimension less than i. 
It is easy to see that 
and hence, by assumption, that 1 &‘(M)/J 1 < i - 1. Therefore I S,l(iV)l < i, 
by Lemma 1.1(i). 
Suppose next that we have a chain 
Si(M)2M11 M,2 **- with 
M. . 
I I 
3 <z. 
nfj+l 
We must show that such a chain is of finite length. We start by constructing 
a new chain: 
S,(M) 2 Nl 2 N, 2 a.., 
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where 
ALE&y 
Ml 
i-l (a!$) 
and 
N,,S,,(*) for j>l. 
Mi 
If Nj = N,+r , for some integer j > 1, then 
and so 
I I 
3 
Mj+l <i--l, 
by assumption. But then 1 Mj/Mj+, 1 < i - 1, a contradiction. Thus we 
may assume that the Nj are distinct. Also, by the definition of the Ni , it is 
easy to see that Nj/Nj+r has no non-zero submodules of Krull dimension 
less than i. Assume now that nr=r Nk = 0. Since 1 S;(M)\ < i, we have, 
for somej >, 1, 
Nj n S:(M) 
Nj+l n S,‘(M) < i* 
Therefore 
Nj n S;(M) 
Nj+l n (Nj n S;(M)) < i’ 
and by the isomorphism theorem, 
Nj n W(M) + Nj+l 
N,+1 
< i 
Hence Ni n St(M) C Nj+l , since Nj/Ni+r has no non-zero submodules 
with Krull dimension less than i. Thus 
NjnS,‘(M)=N;,,nS,‘(M)=--*CfiN,=O. 
kl 
This means that Nj contains no critical submodules with Krull dimension 
less than or equal to i. Suppose Nj # 0 and let I be a critical submodule 
of Nj with 1 I 1 as small as possible. Then 1 I 1 > i. Using a similar argument 
to that in Lemma 2.2, we can reduce the Krull dimension of I and reach 
a contradiction. Hence Nj = 0 and so 1 S,l(M)j < i. 1 
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CQROLLARY 2.4. If R has finite right Krull dimension and M is a unitary 
R-module with Krull dimension, then 1 M 1 < j R I. 
Proof. Let 1 R [ = n. Now M/S,(M) has no non-zero submodules with 
Krull dimension less than or equal to 1~. However, if M/S,(M) f 0, M/S,(M) 
contains submodules which are homomorphic images of R and thus have 
Krull dimension less than or equal to n. Hence M = S,(M) and so 
I M I d n* I 
3. NIL IDEALS 
Throughout this section we shall deal with rings which have finite right 
Krull dimension. It is easy to deal with a ring of Krull dimension zero. 
When the Krull dimension is greater than zero we can adjoin the integers 
without affecting the Krull dimension; thus in this case we can assume 
that the ring has an identity. The aim is to show that nil ideals in rings 
with finite right Krull dimension are nilpotent. Our first objective is to show 
that any such nil ideal has a non-zero left annihilator. 
In this section, R will always denote a ring such that [ R, 1 is finite and 
N will be a nil ideal of R. We remind the reader of the definition of the 
right singular ideal, Z(R) of R. 
Z(R) = {z E R [ r(s) is essential in R}. 
THEOREM 3.1. Nn C Z(R), for some integer n 3 1. 
Proof. [l, p. 5121. 1 
We are mainly interested in critical right ideals and the rings obtained 
by factoring out the right annihilators of such right ideals. The next few 
results enable us to deal with such right ideals and factor rings. 
LEMMA 3.2. If I is a critical right ideal of R with 1 I [ as small as possible 
over all right ideals of R then ZI = 0. 
Proof. Suppose z E Z with zl # 0. Then we have 
ZI g 
I 
r(z) n I 
and hence 1 zI 1 < 1 I I, since r(z) IT I # 0. 1 
COROLLARY 3.3. r(N) # 0. 
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Proof. Combine the previous two results. 1 
Unfortunately it does not seem to be possible to use this corollary in 
the context of one-sided Krull dimension. 
LEMMA 3.4. Let 0 # a E I, where I is a critical right ideal with j II as 
small as possible. Then y(a) is a maximal right annihilator. 
Proof. Suppose A = r(X), for some set X, and y(a) $ A C R. Since 
R/y(a) s aR, R/y(a) is a critical module. Therefore 1 R/A 1 < / aR 1 = 1 I I. 
Choose x E X. Then xA = 0 and there is a map from R/A onto xR. Hence 
I XR I < 1 I I, a contradiction. 1 
PROPOSITION 3.5. If I is n-critical then fT = R/r(I) has no non-zero right 
ideals with Krull dimension less than n. 
Proof. Suppose ]/Y(I) is a non-zero right ideal of a, with j J/y(I)1 < n. 
Choose i E I with iJ # 0. There is a map from J/Y(I) onto iJ; thus 1 i/ / < n, 
a contradiction of Proposition 1.3(iii). 1 
PROPOSITION 3.6. Let I be an n-critical right ideal of R and X2 r(I) a 
Tight ideal of R with 1 X/y(I)1 = n. Then we have the minimum condition on 
yight ideals of the form X n r(S), where S is a subset of I. 
Proof. Consider any chain of such right ideals 
X>Xny(S,)1Xny(S,)1...2~(I). 
Eventually we get 
x n Y(&) 
X n Y(&+~) < n* 
Suppose that, for some s E S,+1 , we have s(Xn r(S,)) # 0. Then 
I s(X n r(S,))l < n, contradicting Proposition 1.3(iii). Hence 
X n Y(S,) C r(S,+,) 
and so X n Y(&) = X n r(S,+,) = **a. m 
COROLLARY 3.7. If I R 1 = n and I is an n-critical right ideal of R, then 
Y(I) = y(aJ n y(a.J n ... n y(a,), for some elements a, ,..., a, E I. 
Proof. Putting X = R in the previous proposition, we get the minimum 
condition on right annihilators of subsets of I. Thus, if we choose elements 
al , a2 ,... of I, eventually r(ar ,..., a,) = y(al ,..., a,,,) = ... = r(I). 1 
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This observation enables us to do the first step in an inductive argument 
to show that Z(N) # 0. 
THEOREM 3.8. If /II = 1 R 1 f OY all non-zero t&ht ideals I of R, then 
l(N) # 0, for any nil ideal N of R. 
Proof. Suppose 1 R 1 = n and let I be an n-critical right ideal. If INS = 0, 
for some integer s > 1, then Z(N) # 0. Otherwise INS is also n-critical, 
for each s 3 1. Choose m to be the smallest integer such that 
T(UJ n --a n r(a,) C r(lNS), 
for some a, ,..., a, E IN, and s > 1. This is possible by the previous 
corollary. We show that m = 1. 
In the case m = 1, r(a) _C r(INS), f or some a EIN, s 3 1. By Lemma 3.4, 
r(a) is a maximal right annihilator; hence either r(a) = r(INS) or INS = 0. 
In the former case r(a) is a two-sided ideal and it is easy to see that r(a) is in 
fact a prime ideal. Thus NC r(a), by Corollary 1.5, and 0 # a E l(N). 
Suppose now that m > 1, and put X = Y(UJ n ..* n ~(a,). Then by 
assumption, 
X + y(INS) 
r(lNS) 
is non-trivial, and, by Proposition 3.5, 
X + r(IN’) = 
r(INS) 
n. 
Since R/r(a,) z a,R is n-critical, (X + r(a,))/r(q) is also n-critical and so 
X/(X n r(a,)) is n-critical. There is a map from X/(X n r(al)) onto 
X/(X n r(lNS)), since X n r(al) C X n r(INS). Hence, by the isomorphism 
theorem, there is a map from X/(X n ~(a~)) onto (X + r(lNs))/r(lNs). 
Since 
X + r(IW 
r(INS) 
= n, 
this must be an isomorphism and hence 
X + r(INS) 
Y (INS) 
is also n-critical. Also, by Proposition 3.5, no non-zero right ideal of 
i? = R/r(lNS) has Krull dimension less than n. Therefore, applying 
Theorem 3.1 and Lemma 3.2 to i?, we see that Nt(X + r(lNs)) C r(INS), 
for some t > 1. This means INSftX = 0, contradicting the choice of m. 
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LEMMA 3.9. If I, J are right ideals and l(J) # 0 in I? = R/r(l), then 
l(J) f 0. 
Proof. Obvious. 1 
COROLLARY 3.10. If R has a critical right ideal I with j II = / R 1 = n, 
then l(N) # 0, for any nil ideal N of R. 
Proof. Consider a = R/r(I). By Proposition 3.5, R has no non-zero right 
ideals with Krull dimension less than n. Thus, applying Theorem 3.8 to the 
ring R, we get I(N) # 0. Hence, by the previous Lemma, 1(N) + 0. 1 
Let m = max 1 I 1, where I ranges over all critical right ideals of R. We 
call the number m the critical dimension of R and denote it by C.d.R. We 
have just shown that, if 1 R [ = C.d.R, then 1(N) f 0 for any nil ideal N 
of R. 
PROPOSITION 3.11. If I is an m-critical right ideal of R and R = R/r(Z) 
has no critical right ideals with Krull dimension greater than m, then ( R j = m. 
Proof. By Proposition 3.5, each critical right ideal of R will be m-critical. 
Let X be an essential direct sum of m-critical right ideals of R. By Proposi- 
tion 3.6, we have the minimum condition on right ideals of the form 
X n r(S), where S is a subset of I. Thus, for some elements i1 ,..., i, of 1, 
we have 
X n r(i, ,..., i,) = X n r(I) = r(I). 
But X is essential over r(I), so r(il ,..., i,) = r(I). Hence 
R . I=~&l=li,Rl=m. I 
r(il) n ..* n r(z,) 
THEOREM 3.12. If R has jnite right Krull dimension, then l(N) # 0 for 
any nil ideal N of R. 
Proof. Suppose the result is false and choose R to be a counterexample 
such that 1 R 1 and t, = j R / - C.d.R are as small as possible. Then 
I R I > 0, since the statement is true for R Artinian, and t, > 0, since 
Corollary 3.10 deals with this case. 
Hence, assume 1 R I > 0 and t, > 0 and that, if S is a ring, either 
I S 1 < I R ] or ts < t, implies that any nil ideal of S has non-zero left 
annihilator. 
Suppose C.d.R = m, so t, = n - m > 0. Choose I an m-critical right 
ideal of R. Consider R = R/r(l). If R has a critical right ideal with Krull 
dimension greater than m then tR < t, and l(m) # 0. Otherwise each 
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critical right ideal of R has Krull dimension m. Thus, by Proposition 3.11, 
1 i? 1 = m < n = 1 R j and so, again, Z(m) # 0. In either case, by Lemma 3.9, 
l(N) # 0. B 
By considering R as a right module over itself we can form the i-critical 
radicals, S,(R), of R. It is easy to see that each &(R) is an ideal of R. Also 
the ring R/S,(R) contains no non-zero right ideals with Krull dimension 
less than or equal to i. Thus, if 1 R 1 = 71, we have a chain of ideals 
0 _C S,,(R) C S,(R) C ... C S,(R) = R. 
THEOREM 3.13. If R has Jinite right Krull dimension, then nil ideals of R 
are nilpotent. 
Proof. Choose any nil ideal N of R. 
Let m be the smallest integer such that Nt _C S,(R), for some t 3 1. 
Then m < 1 R I, since S,(R) = R if 1 R I = n. If m = - 1, Nt = 0 and 
N is nilpotent. 
We suppose m > 0 and derive a contradiction. It is sufficient to show 
that some power of N is contained in S,,+,(R). Therefore we may assume 
S,-,(R) = 0 and prove N to be nilpotent. In this case, the ring R has no 
non-zero right ideals with Krull dimension less than m. 
Consider the chain of ideals 
S,(R)2 Nt> Ntf12 .-.. 
Eventually, since 1 S,(R)1 < m, we have I N7/N7+l I < m, for some r > t. 
Suppose Z(Nr) # I(Nr+l), and choose x E Z(Nr+l)\Z(Nr). Then 
I xN’ I < I& 1 -=c m, 
and so xNr = 0, a contradiction. Hence Z(Nr) = 1(Nr+l). Let i? = R/l(N’) 
and assume R # 0. By Theorem 3.12, there is an element f # 0, with 
%m = 8; that is, xNr # 0 but xN r+l = 0, a contradiction. Therefore 
R = 0 and Nr = 0. 1 
4. SOME CONSEQUENCES 
Here we list some consequences of Theorem 3.13. The prime radical 
P(R) of a ring R is defined to be the intersection of all prime ideals of R. 
It is easy to see that this is a nil ideal and that the ring R/P(R) is a semiprime 
ring. Thus we get 
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THEOREM 4.1. The prime radical of a ring with jnite right Krull dimension 
is nilpotent. 1 
If T is a nil subring of a ring R with finite right Krull dimension, then 
T is a nil subring of the ring i? = R/P(R). Now i? is a semiprime ring 
with, right Krull dimension, hence, by Theorem 1.4, R is a right Goldie 
ring. Thus, by Lanski’s Theorem [7J T is nilpotent and hence Tm C P(R), 
for some m > 1. Therefore we get 
THEOREM 4.2. Nil subrings of a ring with finite rght Krull dimetlsbn are 
nilpotent. 1 
The question of the existence of a right Artinian quotient ring of a ring 
with finite right Krull dimension can also be answered. If I is an ideal of R 
we write 
V(1) = {X E R 1 x + I is not a zero divisor in R/I}. 
THEOREM 4.3. -4 ring R with finite right Krull dimen.& is a tight order 
in a right Artinian quotient ring if and onl’ if ‘QP(R)) _C g(O). 
Shetch of proof. One notes that, in the Hajarnavis version of Small’s 
Theorem [5], we have all conditions except that R is a right Goldie ring. 
But this is used only to show that the sum of nilpotent ideals is nilpotent, 
and we can do this in our special case. 1 
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